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The asymptotic form of Green’s vector function with a pole on the boundary is calculated by the method of matched asymptotic
expansions. The expansion obtained is used to construct the asymptotic form of the contact pressure. The equations of the contact
problem are derived with integral corrections, which take into account the nature of the attachment and the geometry of the
elastic body. Examples of calculations for an elliptic punch are given. © 2000 Elsevier Science Ltd. All rights reserved.

Asymptotic solutions of the contact problem were constructed previously (using the “large A” method
[1]) for semi-infinite elastic bodies, such as a layer (see [2], etc.) and a wedge [3]. The axisymmetrical
problem of the impression of a punch into the end of a semi-infinite cylinder was investigated
in [4].

1. FORMULATION OF THE PROBLEM

Consider an elastic body Q, the boundary of which contains a plane section X situated in the Oxx,
plane (see the figure). We will assume, for simplicity, that the body Q belongs entirely to the half-space
x3 > 0 and we will let / be the radius of the greatest half-sphere within Q with centre at the point O.
Suppose  is a plane figure contained in a circle of radius /. We will assume that € > 0 is a small parameter
and we will denote by w(e) the figure obtained from by contracting it €™ times. The vector u = (u;,
uy, u3) of the displacements of points of the body Q due to the action of a punch with a base w(g), pressing
without friction into the plane section Z, satisfies the equations

uv, Vo x)+ A +wVv,V, u(gx)=0, xeQ (1.1)
O3 (;Xx)=05(w;x)=0, xeZX (1.2)
Opn(wx)=0, xeX, x'=(x,x;)¢n(E) (1.3)
u3(€;x’, 0) =9y + Bix, —Byx;, X ew(e) (1.4)
a”;x)=0, xely; uEx)=0, xeT, (1.5)

Here X and p are the Lamé parameters, o3,(#) are the stresses, o is the stress vector on an area with
normal n, &, is the vertical displacement of the centre of the punch base, and B, and B, are the angles
of rotation of the punch about the coordinate axes Ox; and Ox,. We will assume that the body is attached
to the section I',, while on I'; and I outside the contact area it is stress-free.

2. THE INTEGRAL EQUATION FOR DETERMINING
THE CONTACT PRESSURE

We will denote Green’s vector function with pole at the point P(y;, y,, 0) by G(y; x). This satisfies
Eq. (1.1), conditions (1.5) and the following relations

63(G,x)=0 (k=1,2,3), xeZ\P (2.1)
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G(y;x)=T(x; =y, X =¥, x3)+O(1), x> P (22)

Here T is the solution of the Boussinesq problem (see, for example, [5]) on the loading of an elastic
half-space with a unit point force, oriented along the Ox; axis, where

ATUT,(x) = x5 | X[ =(1=2v)x; [x 7 (x| +x3)™", i=1,2
(2.3)

AmpTy(x) = x5 1 x> 2= x| Ixl=(x? + 52 + 222

We know (see, for example, [6, 7]), that using Green’s vector function the problem of determining
the contact pressure can be reduced to the integral equation

[] Gs(y: 2y, x5, 0)ply)dy = 8 + By x; — Byx, (24)
o)
Using the representation
Gy x)=T(x, — y. X — y2, X3) + &(¥; X) 2.5
where g(y; x) is a regular vector function, Eq. (2.4) becomes
1-v? j P(y1s y2)dy,dy, =
TE  o(e) \/(xl =)+ (xy = y,)?
=8 +Bixy —Boxi - [[ £3(y: %1, x5, 0)p(y)dy (2.6)
w(e)

Here E is Young’s modulus and v is Poisson’s ratio. For details of the properties of the solutions of Eq.
(2.6) see [6, Section 51] and [8, Section 1.2].

3. THE ASYMPTOTIC FORM OF GREEN’S VECTOR FUNCTION
Suppose g(x) is the regular component of Green’s vector function G(O; x) with a pole at the origin
of coordinates, which annuls the residue T(x) in boundary conditions (1.5) and (1.6), i.e.
o (g x)=-0"(T;x), xel,; gx)=-Tx), xe€ T,
Since g satisfies homogeneous equation (1.1) and boundary condition (2.1) in the neighbourhood of
the point O, its Maclaurin series
6 Lk oo 3(m+l) ok
g(x) = g(O) + 2 gl.kv ’ (X)+ 2 Z gm,lcv ’ (X) (31)
k=1 m=2 k=l

generally speaking, will contain 3(m+1) homogeneous vector polynomials V™ X(x) of degree m (see
{9, Chapter 13] and [10, Section 5.3]). At the boundary the. normal component of the vector g(x) leaves



Asymptotic solution of the contact problem for a 3-D elastic body of finite dimensions 939

the trace
2ny - 2 2
l———g3(x|, X7, O) = AO + B|X| + Bzx2 + CI X+ 2C12X|X2 + C22x2 + ... (32)
-V

Remark. For m = 1 and m = 2 the vector function V™* can be chosen as follows:
vh = —~Xx3€, +xq€3, L AGE x3€| — x)€3, LA —Xxp€| + x1€;
VH = xye +xey, VP =xie —oxze;, V'O = xpe, —oxsey
V2! = 25 x3e +(x,2 +ax32)e3, v32 = —XyX3€) ~ X X3€3 + X} X9€3
V23 = 2xyxsep +(x3 +0xd)es, VP4 =[xf - (2+0)x3 Je; - 20x 13¢5
v = X|X2€] -—2"(l+a)x§e2 ~ Oy x3€3, v26 = (x% —x32)e|
V27 = (x,2 —x32)e2, v = —2"(1+0t)x§e| +x)x9€9 — OLx) X383
V29 =[x} -2 +wxlle, - 200,555 =v(-V)"

The coefficients on the right-hand sxdc of (3.2) are equal to the constants g3(0), 12, &1.1» £2.1» 2 822
823, respectively, multiplied by nE(l -V ) Supgose L has the dimension of length. Then the dimensions of
the quantities 4o, B; and Cj; are L™, L% and L™ respectively. If Ox; is the axis of symmetry of the body Q,
where the parts of its boundary on Wthh boundary conditions (1.5) and (1.6) are specified are also axisymmetrical,
then

QLi=- =814 815=816 821=823 822=0, £24=...=829

Green’s vector function G gives a solution of the problem of the action of a concentrated force on
the boundary Q. We introduce also the solutions GY and G™™ of the problem of the loading of a body

Q at the point O by point couples and polycouples, which satisfy Eq. (1.1) conditions (2.1) and (1.5)
and the following relations

GOx)=8S?x)+ 0(1), |x|=0; G"™"(x)=8""(x)+0(l), |x|=>0

Wper . OTX) @y oy 9T commy g B"T(X)

57 ax, ST= ax, » ST ox" " "ox;

Here SV and $® are the solutions of the problem of the loading of an elasnc half-s (pace by a unit point
couple (the superscript indicates the direction of the intensity vector). For G and G™ " representations
of the form (2.5) and expansions similar to (3.1) and (3.2) are correct.

We will use the method of matched asymptotic expansions (see [11] and [12, Chapter 3, Section 1))
and we will write the asymptotic form of the regular component g(ew; x) of Green’s vector function
G(em; x) for small values of the parameter €. In the neighbourhood of the origin of coordinates we will
introduce “expanded” coordinates

£=(5,8. &) &=e'x (33)
By (2.3) we have

T(xl - snly -x2 - ETh, x3) = e-lT(§1 - nl’ &2 - n2’ §3)
Using the expansion

aT(g) ( 1)’" L Il IH 'l n ,"T(g)

2
TE, -1, E — 1Ny, =T(& - i + p— 34
(él i &2 N2 “;3) (g) :=Zl n agi mz_:z m! ;0 a& a&z ( )
which holds for fairly large |&|, we can establish the following asymptotic expansion
g(en; x) = g(x) + e[n,g () - n,g P ()] + € 202 Cin stV (x) + ... (3.5)



940 L. I. Argatov

Here g® and g™ are the regular components of the singular vector functions G and G™ ™. The
next terms on the right in (3.5) are found using expansion (3.4). Note that this result can also be easily
obtained by the method of combined asymptotic expansions {13, 14].

Eliminating the parameter &, we can rewrite (3.5) in the form

g(y; %) = g() - 322 (x) + 3,80 (%) + 52 'y s () + (3.6)

n=0

4. THE ASYMPTOTIC FORM OF THE CONTACT PRESSURE

We will introduce extended coordinates (3.3) into Eq. (2.6) and we will make the replacement of
variables y; = en; (i = 1, 2) in the integrals. The parameter ¢ then vanishes from the equation of the
boundary of the integration region

1-v? o ep(eny, enp)dnydn,  _
o & -n)?+(E —m)?
=8¢ +&(B,&; —Ba&1) —eff g3(em;: €&, €5, O)ep(em)dn (4.1
w

The following expansion is obtained from (4.1) for the contact pressure p(x;, x;) = —633(u; Xy, X, 0)
plxy, ) =€~ p° (&1, &) + p (€1 En) + .. 4.2)
Correspondingly, for the resultant and moments of the load system acting on the punch, we have
F=eF +e’F +..; M =2MP+e’M! +..., i=12 4.3)

We replace the kernel of the integral operator n the right-hand side of (4.1) by expansion (3.5), and
we then use expansions of the form (3.2) and take into account the replacement of variables (3.3). We
substitute series (4.2) into the relation obtained, equate terms of like powers of the parameter & and
obtain the equations

(Bpo )(él’ §2) E ” P (111 » Tha )d'md"lz - 80 (44)
\/({31 -+ -y’
(Bp' )&, Ep)=—F Ay +B\E, ~ BLE, (4.5)
2 50 2 =040 _ 7
(Bp“)&,, &) =-F (B, + B,)§;) - ;1 M; Ay’ — KA, (4.6)

- 2 . . ,
(BP*XE, &7) = ~F(C &7 +2C,8 8, + Cpt3) - § M} (BE, + Bk ) -
_ﬁ;(31§| +BE)) - i Mg.nA(()z'") - i M,']A(()i) - ’?32'40 (4.7)

The coefficients F5, M{ and M} » are equal to the quantities (nE) (1 - v?) and F5, M{ multiplied by
Mj ,, calculated from the formulae

F =[f p"(m)dn, {z } ] { }p (m)dn
@ 2

[

-l mn e ,
MI’;I n —( ) C:lj.[ T\ ' nnzp ('rl)d“'b m= 27 3s

The constants A", BY (i,k = 1,2) andAo(z") (n =0, 1,2) are the coefficients in the asymptotic expansion
(analogous to (3.2)) of the component of the regular component of the vectors GY and G®" respectively,
orthogonal to the boundary. The quantities Ay and B, 4®" have dimensions of L™ and L™, They
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depend, generally speaking, on Poisson’s ratio and are determined by the shape and dimensions of the
body Q and its attachment conditions.

Hence, the problem of constructing the asymptotic form of the contact pressure reduces to recurrence
series of equations (4.4)—-(4.7), etc. for the terms of series (4.2). This result was obtained for the first
time in [2] in a special case (see also [6, Section 53]).

5. THE PRESSURE UNDER AN ELLIPTIC PUNCH

Suppose the figure w(e) is bounded by an ellipse x} + x5(1 - %) = a2, where e is the eccentricity and a, = &4
is the semimajor axis. Then, using the solutions in [15], from (4.4)-(4.6) we obtain the trinomial asymptotic
representation (4.2) in the form (reverting to the real scale)

£ x,z x% -1/2
(X}, X3) = ———————m— | | -~~~ x
P 2(1-v?)ay1-e? [ a* az(‘-ez)]
2
X 8¢ _ aAO ag—ﬁle +B|X2 +( aAO ] 60— 050 [ le, + BzXz :‘ (51)
K(e) K(e) D(e) B(e) \K(e) K(e)| D(e) B(e)

D(e) = e [K(e) -~ E(e)], B(e) = K(e) - D(e)

Here K and E are the complete elliptic integrals of the first and second kind, and the values of the coefficients on
the right-hand side of Eq. (4.6) are

) = AK(e) "8y, MY =M =0

M3 o = AM6K() 89, MY, =0, M2, =3 (1-e?)

(5.2)

F) = —A%K(e) 2 A4g8y, M) = A(1-H)3B(] B,
My = D) By FE = APK(e) 2 AZS,

This example shows that the calculation of the first terms of the asymptotic form is somewhat simplified if

the or}ig[ion of coordinates coincides with the so-called [16] centre of pressure of the punch base. In this case
1=M;=0.

Remark. 1t is also easy to write the solution of Eq. (4.7) (see [2, 6, 8, 15, 17]). In this case the solution of the
equation (Bp)(&,, &;) = &,&; can be obtained from the well-known results [15, Chapter 5, Section 8] in the form

2 2 -1/2
P(§1,§2)=———————E————— 1_5.'7_ . &2 > €&,
w-vHayi-e2 A2 Aot D(e)- C(e)

C(e) = e™[D(e) - B(e)]

6. THE EQUATION OF THE CONTACT PROBLEM
FOR A BODY OF FINITE DIMENSIONS

Using expansion (3.6), we obtain

1] 83(y: x;. x5, 0)p(y)dy = Fyg3(x,, x,, 0) +

w(€)

2 . 2
+3 M,-gg’)(xh X, 00+ Y Mz_nggz'")(x‘, Xy, 0)+ ...
n=0

i=1

We will convert the previous relation taking expansions of the form (3.2) into account, bearing

in mind the distribution of the quantities F3, M;, M, , . . . in powers of the parameter & (see (4.3)). We
have
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- - 2 L
I 83y %1, %3, 0)p(y)dy = Fy A + Fy(Byx, + Byxy) + 3, MAS +
w(e) i=1
. ) ge & 4 7 5
+E(Cyxf + 2003, + Cpx3) + 3 Mi(BPx, + Bxy) + 3 My AP + ... (6.1)
i=1 n=0
It is clear that the substitution of expansion (4.1) into (6.1) leads to Eqs (4.4)-(4.7). On the other
hand, retaining a finite number of terms in (6.1) we obtain a single “coupled” equation, the solution
of which reduces to the solution of a system of linear algebraic equations. Note that the method of
reducing the integral equation of contact problem (2.6) to an approximate equation by means of a

polynomial approximation of the kernel of the integral operator on its right-hand side was proposed
previously in [18] (see also [6, Section 54}).

Example. We will confine ourselves solely to the first term on the right-hand side of (6.1). The solution of the
equation

(Bp)(xy, x3) =8¢ ~ F3Aq +Byx; —Baxy
differs from (5.1) in that the expression in braces is replaced by

8o -FRA _Bxi Bix
K(e) D(e) B(e)

Substituting this solution into the equilibrium equation of the punch we obtain

py =20 [, 9 )
T K(e) K(e)

which gives three correct terms of the asymptotic expansion of F; (see (5.2)). This effect was pointed out previously
in [19].
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