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The asymptotic form of Green's vector function with a pole on the boundary is calculated by the method of matched asymptotic 
expansions. The expansion obtained is used to construct the asymptotic form of the contact pressure. The equations of the contact 
problem are derived with integral corrections, which take into account the nature of the attachment and the geometry of the 
elastic body. Examples of calculations for an elliptic punch are given. © 2000 Elsevier Science Ltd. All rights reserved. 

Asymptotic solutions of the contact problem were constructed previously (using the "large ~" method 
[1]) for semi-infinite elastic bodies, such as a layer (see [2], etc.) and a wedge [3]. The axisymmetrical 
problem of the impression of a punch into the end of a semi-infinite cylinder was investigated 
in [4]. 

1. F O R M U L A T I O N  O F  T H E  P R O B L E M  

Consider an elastic body f2, the boundary of which contains a plane section E situated in the Oxlx2 
plane (see the figure). We will assume, for simplicity, that the body ~ belongs entirely to the half-space 
x3 > 0 and we will let I be the radius of the greatest half-sphere within f2 with centre at the point O. 
Suppose co is a plane figure contained in a circle of radius l. We will assume that e > 0 is a small parameter 
and we will denote by co(e) the figure obtained from co by contracting it e -1 times. The vector u = (ut, 
u2, u3) of the displacements of points of the body f2 due to the action of a punch with a base co(e); pressing 
without friction into the plane section Z, satisfies the equations 

BV x • Vxu(c; x) + (Z, + B)VxVx • u(e; x) = 0, x ~ f~ (1.1) 

o31(u; x) = o32(u; x) = 0, x ~ Z  (1.2) 

O33(U; X) = 0, XE]~, X' = (XI, X2) ~ CO(E ) (1.3) 

U3(E;X', 0) = 50 + ~lX2 - ~ 2 X I ,  X' ~CO(e) (1.4) 

~r(")(u;x)=O, x~Fo ;  u (e ;x)=0 ,  x~F,,  (1.5) 

Here  ~. and/.t are the Lam6 parameters, C3k(U) are the stresses, cr (n) is the stress vector on an area with 
normal n, 60 is the vertical displacement of the centre of the punch base, and 131 and 132 are the angles 
of rotation of the punch about the coordinate axes Ox I and Ox> We will assume that the body is attached 
to the section Fu, while on Fo and Z outside the contact area it is stress-free. 

2. T H E  I N T E G R A L  E Q U A T I O N  F O R  D E T E R M I N I N G  
T H E  C O N T A C T  P R E S S U R E  

We will denote Green's vector function with pole at the point P(Yl, Y2, 0) by G(y; x). This satisfies 
Eq. (1.1), conditions (1.5) and the following relations 

~3k(G,x)=0  (k=1,2,3) ,  x ~ Z \ P  (2.1) 
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Fig. 1. 

G(y; x) = T(x I - yj, x 2 - Y2, x3) + O(1), x ---) P (2.2) 

Here T is the solution of the Boussinesq problem (see, for example, [5]) on the loading of an elastic 
half-space with a unit point force, oriented along the Ox3 axis, where 

4 • l t T i ( x ) = x i x 3 1 x l - 3 - ( 1 - 2 v ) x i l x 1 - 1  (Ixl+x3) -I, i=1,2 

(2.3) 
4/I;~T3( x ) -x2-  3 t x 1-3 +2(1 _V) l x l-l; i x l= (x?  +x2 + x3 )2.112 

We know (see, for example, [6, 7]), that using Green's vector function the problem of determining 
the contact pressure can be reduced to the integral equation 

S~ G3(y; x 1, x 2, 0)p(y)dy = ~o + ~lx2 - 132xl (2.4) 
¢z(e) 

Using the representation 

G(y; x) = T(x I - Yl, x2 - Y2, x3) + g(Y; x) (2.5) 

where g(y; x) is a regular vector function, Eq. (2.4) becomes 

1 - v 2 ~(J~l[) P(Yl--.~' Y-2)--dYl---dY-- 2 = 
;F ~/(xl - yj)2 + (x2 - y2)2 

= ~50 + 131x2 - 132Xl - ~S g3(Y; xl, x2, 0)p(y)dy (2.6) 

Here E is Young's modulus and v is Poisson's ratio. For details of the properties of the solutions of Eq. 
(2.6) see [6, Section 51] and [8, Section 1.2]. 

3. THE ASYMPTOTIC FORM OF GREEN'S  VECTOR FUNCTION 

Suppose g(x) is the regular component of Green's vector function G(O; x) with a pole at the origin 
of coordinates, which annuls the residue T(x) in boundary conditions (1.5) and (1.6), i.e. 

o'(")(g;x)=--o'(n)(T;x), xEFo; g(x)=-T(x),  xEFt, 

Since g satisfies homogeneous equation (1.1) and boundary condition (2.1) in the neighbourhood of 
the point O, its Maclaurin series 

6 =,o 3 ( re+ l )  

g(x)=g(0)+ 2gl .  kVl'k(X) + 2 ~ gm. kvm'~(X) (3.1) 
k=l m=2 k=l 

generally speaking, will contain 3(m + 1) homogeneous vector polynomials W" k(x) of degree m (see 
[9, Chapter 13] and [10, Section 5.3]). At the boundary thenormal component of the vector g(x) leaves 
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the trace 

2*tl't g3(x I, x 2, 0)  = A 0 + Bix I + B2x 2 + C I ix21 + 2Ct2xlx 2 + C22x ~ +. . .  
l - v  

Remark. For  m = 1 and m = 2 the vector function V ~' k can be chosen as follows: 

(3.2) 

VI ,  | = - x 3 e  2 + x 2 e  3, V 1,2 = x 3 e  I - x l e  3, V 1.3 = - x 2 e  I + x l e  2 

V 1'4 =x2el  +x le  2, V 1,5 =Xlel -t/.x3e 3, V 1'6 =x2e2 -Gt, x3e 3 

V 2'1 = -2XlX3e I +(x?  +~0c32)e3 , V 2'2 = -x2x3el -XlX3e2 +XlX2e3 

V 2'3 =-2x2x3e2  +(x  2 +txx32)e3, V 2,4 = [Xl2 - (2+ tx )x2 ]e l -2c tx lx3e  3 

V 2'5 = / i x 2 e l  - 2 -I (1 + a)x2e2 - txx2x3e 3, V 2'6 = (x 2 - x32 ) el 

V 2'7 = (x? -x32)e2 , V 2's = -2-1(1 +~)x2el  +XlX2e2 - (txlx3e3 

V 2,9 = [x22 - (2+ tx)x2]e2  -2t/.x2x3e3; tx -- v ( I - v )  -1 

The coefficients on the right-hand side of (3.2) are equal to the constants g3(0), -gL2, gl.i, g2,1, 2-1g2,2, 
g23, respectively, mult ipl ied by hE(1 - v2) -l. Suppose L has the dimension of length. Then the dimensions of 
tfa'e quanti t ies Ao, Bi and C/: are L -1, L -2 and L -3 respectively. If  Ox3 is the axis of symmetry of  the body f2, 
where the par ts  of  its boundary on which boundary conditions (1.5) and (1.6) are specified are also axisymmetricai, 
then 

gl.1 = "" = gl,4, gl.5 = gl,6; g2.1 = g2,3, g2,2 = 0, g2,4 = " '  = g2,9 

Green's vector function G gives a solution of the problem of the action of a concentrated force on 
the boundary ~.  We introduce also the solutions G (i) and G tin' ~) of the problem of the loading of a body 
t) at the point O by point couples and polycouples, which satisfy Eq. (1.1) conditions (2.1) and (1.5) 
and the following relations 

G(1) (x )=S( i ) (x )+O( l ) ,  Ixl-->0; G C m ' n ) ( x ) = S ( m ' " ) ( x ) + O ( 1 ) ,  I x l ~ 0  

SO)(x) = 3T(x) "2" 3T(x) S~m, OmT(x) 
' ' 

(1) a (2) Here S nd S are the solutions of the problem of the loading of an elastic half-space by a unit point 
couple (the superscript indicates the direction of the intensity vector). For G (i) and G f''' ") representations 
of the form (2.5) and expansions similar to (3.1) and (3.2) are correct. 

We will use the method of matched asymptotic expansions (see [11] and [12, Chapter 3, Section 1]) 
and we will write the asymptotic form of the regular component g(c'q; x) of Green's vector function 
G(ell; x) for small values of the parameter e. In the neighbourhood of the origin of coordinates we will 
introduce "expanded" coordinates 

= (~1' ~2'  ~3); ~i = e'-IXi (3.3)  

By(2.3)we have 

T(x l -e~ t ,x2  -grl2, x3)=e- IT(~l -  ~t,~2 - ~ 2 , ~ 3 )  

Using the expansion 

2 3T(~  (-1) m ~ C~rl;,,_nTl~ 
T({l-'ql'{2-rl2'{3)=T(~)- ~'qi '~'i" + ~ m! 

i=1 m=2 n=0 

~"T(~) 
(3.4) 

which holds for fairly large [ ~ 1, we can establish the following asymptotic expansion 

g(ell; x) = g(x) + ~[l'12g(I)(x) - "qlg(2)(x)] + e 2 ~ 2 -I Cn~2-n~n-(2"n)(x ~ -F 2 H I  1125 / " ' "  
n=0 

(3.5) 
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Here g(i) and g(m,n) are the regular components of the singular vector functions G (i) and G (m' n). The 
next terms on the right in (3.5) are found using expansion (3.4). Note that this result can also be easily 
obtained by the method of combined asymptotic expansions [13, 14]. 

Eliminating the parameter e, we can rewrite (3.5) in the form 

2 
g(y; x) = g(x) - ylg(2)(x) + y2g(1)(x) + Y, 2 -t t~2Yl"" 2-,y2g, (2, "),x, + . . . ( ~  

rim0 
(3.6) 

4. THE A S Y M P T O T I C  F O R M  OF THE C O N T A C T  P R E S S U R E  

We will introduce extended coordinates (3.3) into Eq. (2.6) and we will make the replacement of 
variables Yi = 811/(i = 1, 2) in the integrals. The parameter e then vanishes from the equation of the 
boundary of the integration region 

t - v 2 = 

= 8 0 + e(131~ 2 - 13~1) - eJJ g3(e~l; e~l, e~2, O)ep(evl)dlq (4.1) 

The following expansion is obtained from (4.1) for the contact pressure p(xl, x2) = -  -cY33(u; Xl, X2, 0) 

P(XI'  X2) = E - I p 0 ( ~ I '  ~2) "4- p l (~ l ,  ~2) + " "  (4.2) 

Correspondingly, for the resultant and moments of the load system acting on the punch, we have 

6 = E F  °+e2F3  ' + . . . ;  Mi:e,2M ° + e 3 M ] +  .... i=1 ,2  (4.3) 

We replace the kernel of the integral operator n the right-hand side of (4.1) by expansion (3.5), and 
we then use expansions of the form (3.2) and take into account the replacement of variables (3.3). We 
substitute series (4.2) into the relation obtained, equate terms of like powers of the parameter e and 
obtain the equations 

1 - v2 [[ -P°--(TIl'-'q2--)d'q----[ld'q-2 = 8 0 (4.4) 
2 2 

(BP l )(~,. ~2 )=  -F3°Ao + [~t~2 - ~2~I (4.5) 

2 
(BP2)(~,, ~2) = -P°(B,~, + B2~2) - ~ M°aoU) - P31Ao (4.6) 

i=1 

(Bp3)(~,.  ~2) = _~O(c,,~ + 2C,2~,~2 +C22~ ) _ ~ Mi~O (...,.(i)~, + B2(i)~2 ) _ 
i=I 

2 A-,0 a(2, , )_ ~ ~A~,) P32A0 (4.7) + 82 2)- E , , ,2 . . , -0  
n=0 i=1 

The coefficients F~, M~and M ~  are equal to the quantities (rtE)-t(1 - v 2) and F3 r, Mi r multiplied by 
M~, calculated from the formulae 

/%r = j j  pr(~l)d~l, I M(I  = JJ { "%}p"(~l)d'q 
o, tM J o , - n ,  

Mr,,, (--1)m C~.JJ ,,,-n , r = ~ tit "q2P ('q)d'q, m = 2, 3 .... 
m! to 

The constantsA0 ~0, Bk (/) (i, k = 1, 2) andA0 (2~') (n = 0, 1, 2) are the coefficients in the asymptotic expansion 
(2¢0 (analogous to (3.2)) of the component of the regular component of the vectors G ti) and G respectively, 

orthogonal to the boundary. The quantities A0 and Bk (i), A0 (2,n) have dimensions of L -2 and L -3. They 
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depend, generally speaking, on Poisson's ratio and are determined by the shape and dimensions of the 
body t)  and its attachment conditions. 

Hence, the problem of constructing the asymptotic form of the contact pressure reduces to recurrence 
series of equations (4.4)-(4.7), etc. for the terms of series (4.2). This result was obtained for the first 
time in [2] in a special case (see also [6, Section 53]). 

5. T H E  P R E S S U R E  U N D E R  AN E L L I P T I C  P U N C H  

Suppose the figure co(e) is bounded by an ellipse x~ + x2(1 - e2) -~ = a~, where e is the eccentricity and a~ = aA 
is the semimajor axis. Then, using the solutions in [15], from (4.4)-(4.6) we obtain the trinomial asymptotic 
representation (4.2) in the form (reverting to the real scale) 

E l 4 p ( x l , x 2 ) ~ 2 ( l _ v 2 ) a  l_a/~-~e 2 1 a2 a2(l_e2) ) x 

K(e) K(e) D(e) B(e) [k-~e)) o K(e)LD(e) + B(e) 

D(e) = e-2[K(e)- E(e)], B(e) = K(e)-  D(e) 

(5.1) 

Here K and E are the complete elliptic integrals of the first and second kind, and the values of the coefficients on 
the right-hand side of Eq. (4.6) are 

,~o = AK(e)-160 ' /(/0 = ~o = 0 

/(/~. 0 = A3[6K(e)] -I 80, 

/~3 I = - A 2 K ( e )  -2 A080, 

-0 ~ 0 2  M~,0(l_e 2) M2, I = 0 ,  = 

/(/~ = A3(I - e 2)[3B(e)] -1131 

(5.2) 

~/11 = A3[D(e)]-1~2; ~2 = A3K(e)-3A280 

This example shows that the calculation of the first terms of the asymptotic form is somewhat simplified if 
the origin of coordinates coincides with the so-called [16] centre of pressure of the punch base. In this case 

Remark. It is also easy to write the solution of Eq. (4.7) (see [2, 6, 8, 15, 17]). In this case the solution of the 
equation (Bp)(~h ~2) = ~1~2 can be obtained from the well-known results [15, Chapter 5, Section 8] in the form 

e ( / -''2 
P(~I, ~2) = 

2(I-v2)A I - a ~ e  2 L1 a 2 a2('i-e2) ') D(e)-C(e)  

C(e) = e-2[D(e) - B(e)] 

6. T H E  E Q U A T I O N  OF T H E  C O N T A C T  P R O B L E M  
F O R  A BODY OF F I N I T E  D I M E N S I O N S  

Using expansion (3.6), we obtain 

.[J g3(Y; xl, x2, 0)p(y)dy = F3g3 (x I , x 2, 0) + 
to(e) 

2 2 
+ •  Mig~i)(xl, x 2, O) + ~, M2.ng~2"n)(xi, x 2, O) + . . .  

i=1 n=0 

We will convert the previous relation taking expansions of the form (3.2) into account, bearing 
in mind the distribution of the quantities F3, Mi, M2, n • • • in powers of the parameter e (see (4.3)). We 
have 
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2 
SS g3(y; x, ,  x 2, 0 )p (y )dy  = ~ A  o + F3( B,x, + B2x2) + • )~,liA (o i) + 

C0(E) i=1 

2 2 
+/~3(CI ix 2 + 2CI2XlX 2 + C22 x2) -I-- • )~4i(B(i)xI + B(2i)x2)+ ~. /~'/2, nAo(2'n) + . . .  (6.1) 

i=1 n=0 

It is clear that the substitution of expansion (4.1) into (6.1) leads to Eqs (4.4)-(4.7). On the other 
hand, retaining a finite number of terms in (6.1) we obtain a single "coupled" equation, the solution 
of which reduces to the solution of a system of linear algebraic equations. Note that the method of 
reducing the integral equation of contact problem (2.6) to an approximate equation by means of a 
polynomial approximation of the kernel of the integral operator on its right-hand side was proposed 
previously in [18] (see also [6, Section 54]). 

Example. We will confine ourselves solely to the first term on the right-hand side of (6.1). The solution of the 
equation 

(Bp)(xl, x2) = ~0 - F3Ao +l]lX2 -~2Xl 

differs from (5.1) in that the expression in braces is replaced by 

8o - F3Ao ~2xj f~lx2 
K(e) D(e) B(e) 

Substituting this solution into the equilibrium equation of the punch we obtain 

a~5° (1+ aA° / - '  
F3 = K(e) ~, K(e))  

which gives three correct terms of the asymptotic expansion ofF3 (see (5.2)). This effect was pointed out previously 
in [19]. 
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